Abstract. In this paper we give an example of imaginary quadratic number field k such that every ideal of k becomes principal in some proper subfields of the Hilbert class field of k.
Introduction
Let K be a finite extension of a number field k, cl K and cl k denote the ideal class groups of K and k, respectively. We say that an ideal class of k capitulates in K if it is in the kernel of the homomorphism
induced by the extension of ideals from k to K. The kernel of j K/k is called the capitulation kernel of the extension K/k, denoted by Cap(K/k). Letk be the Hilbert class field of k. The principal ideal theorem says that cl k always capitulates ink. However, Heider and Schmithals have found real quadratic fields k such that cl k capitulates in a proper subfield ofk ( [8] (p) .
Some examples of real quadratic fields k such that cl
capitulates in a proper subfield ofk (2) are given in [9] and [5] . (See also [14] , [3] , and [6] . For more on the capitulation problem see [11] .) Let C(n) be a cyclic group of order n. In this paper we shall prove the following:
and cl (3) k capitulates in L j . Note that Q( √ −653329427) (653329427 = 8867 · 73681) is the first known imaginary quadratic field whose 3-rank of the ideal class group is equal to 4 (see [4] ). For l = 3 or 5, many authors have computed the capitulation kernels in the unramified cyclic extensions of degree l of imaginary quadratic number fields k such that 3-rank of cl k is equal to 2 or 3 when l = 3, or 5-rank of cl k is equal to 2 when l = 5 ( [15] , [8] , and [12] ). The paper is organized in the following way. In Section 2, we first construct the 40 unramified cyclic cubic extension
by the method given in [7] . Second, for each of these 40 extensions K i /k we determine explicitly the capitulation kernel Cap(K i /k) using the method developed in [15] and [8] . In Section 3, we prove Theorem 2. All computations were done with the aid of PARI-GP ( [1] ) on a workstation (SUN Sparc II).
2. The capitulation kernels in the unramified cyclic cubic extensions of Q( √ −653329427)
We will use the following notations. For a number field k we let E k , d k , I k and cl k be the group of units, the discriminant, the group of fractional ideals and the ideal class group of k, respectively. For a prime place p of k, let k p be the completion of k at p and U p the group of units of k p . For a finite extension K/k, N K/k denotes the norm and
Let k = Q( √ −653329427). The ideal class group of k is represented by the reduced primitive quadratic forms: 
Let α be an algebraic integer in k 0 satisfying the following:
3 for some integer n with (n, 3) = 1; and
, where e is the ramification index of p.
Then the cubic polynomial
defines a cubic number field whose discriminant is the same as that of k. Moreover, the splitting field of this cubic polynomial is an unramified cyclic cubic extension of k.
Proof. See Theorem 1 and Lemma 2 in [7] .
In order to determine the cubic polynomials we proceed as follows. We let
. Second, using PARI-GP ( [2] and [1] ) we verify that these 40 polynomials
define non-isomorphic cubic number fields of discriminant −653329427. Finally, we have used PARI-GP to simplify the coefficients of the polynomials. The 40 polynomial r i 's, 1 ≤ i ≤ 40, are listed in Table 1 . In what follows we let K i denote the splitting field of the polynomial r i over Q.
According to Hilbert's Theorem 94 Cap(K i /k) is of order 3. Using the method developed in [15] and [8] we will explicitly determine Cap(
for a prime number l. We have an exact sequence
of F l -vector spaces. (Here, F l is the finite field of integers mod l.) Let K be an unramified cyclic extension of k of degree l with Galois group G = σ . Since
k . The following capitulation criterion is a generalization of the criterion that was developed by Scholz and Taussky ( [15] ).
Theorem 3. Let K be a finite unramified cyclic extension of degree l of k with Galois group
if and only if p satisfies the following two conditions:
P for all ε ∈ E and for all prime divisors P|p in K.
The density of the prime ideals p such that p satisfies the conditions (i), (ii), (iii), and
where ζ is a primitive l-th root of unity.
for all sufficiently large sets S of prime ideals of k satisfying (i), (ii), (iii), (iv) and (v). Moreover, we can choose S such that #S = δ − µ. k . From Theorem 3(c) we can explicitly determine Cap(K i /k). As we have determined the polynomials r i defining K i , it is easy to find the prime ideals p that satisfy the conditions (i), (iv) and (v). For the conditions (ii) and (iii), we have used the technique developed in [8] .
By the existence theorem of class field theory, the map L −→ N L/k (cl L ) is a 1-to-1 correspondence between the finite unramified abelian extensions L/k and the subgroups of cl k . In addition, the factor group
is called the norm group of the extension L/k. Furthermore, the prime decomposition law is helpful to determine the norm group. In fact, let p be an unramified prime ideal of k. The prime decomposition law says that if [13] ). We can easily determine such prime ideals and the norm group N Ki/k (cl K i ) (see [8] ). In Table 1 , we compile the polynomials r i , Cap(K i /k) and the norm groups 
Proof of Theorem 2
We keep the notations in Section 2.
i) The group cl (3) k has 40 subgroups of order 3: α i 1 ≤ i ≤ 40. Let F i be the corresponding subfield ofk (3) , i.e.
Each field F i has 13 subfield
If H and K are subgroups of cl k , the subgroup generated by H and K is called the join of H and K and is denoted H K. Note that for every 1 ≤ t ≤ 13, the subgroup Cap(
We claim that for every 1 ≤ i ≤ 40, ( * )
k .
In fact, we write Cap( 4 ∈ Z/3Z and consider the 13 by 4 matrix over Z/3Z, M i , such that t-th row of M i is (t 1 , t 2 , t 3 , t 4 ). In order to prove ( * ) it is sufficient to verify that the rank of M i is equal to 4. We have verified on a computer that the rank of M i is equal to 4 for all 40 subfield F i 's ofk (3) with [F i : k] = 27. In Table 2 we give some extracts of our computational results: ten arbitrary chosen fields among 40 field F i 's. For each F i , we give 13 subfields
ii) The group cl
has 130 subgroups of index 9. We denote by L j for 1 ≤ j ≤ 130 the subfields ofk (3) such that [L j : k] = 9. Every subfield L j contains four subfields denoted by K j1 , K j2 , K j3 and K j4 . For all 1 ≤ j ≤ 130, we will determine whether
k or not. For this purpose we build the 4 by 4 matrix over Z/3Z, N j , such that u-th row of
is equivalent to the fact that det N j = 0 in Z/3Z. We have verified on a computer that exactly 81 field L j 's among 130 fields satisfy det N j = 0 in Z/3Z. In Table 3 
